Abstract. We prove a theorem on non-existence of lacunas of the fundamental solution for hyperbolic differential operators with constant coefficients.
Introduction
In [ABG] , Atiyah, Bott and Ggrding clarified and even generalized the Petrovskii theory [P] of lacunas for hyperbolic differential operators. Their theory allows us to draw some conclusions on (non)-existence of lacunas of fundamental solutions.
For example, it is proved in [ABG] (Theorem 7.7 of Part II) that the fundamental solution of a hyperbolic operator P(D) in n variables has no strong lacunas if n_<3.
(We say that the fundamental solution has no strong lacunas if its support is equal to the propagation cone.) It follows also from the theory of [ABG] (by Theorem 8.9) that, for any fixed strictly hyperbolic homogeneous operator P,~(D) However, this open set U is not given in any explicit way.
It seems up to now that any explicit theorem on (non)-existence of strong lacunas for hyperbolic operators in n variables, n_>4, is not known. (The local lacunas for hyperbolic operators are studied in several papers. For a recent study, see IV] and the references cited there.)
In this short paper, based on the Atiyah Bott Os theory, we shall give a criterion of non-existence of lacunas for hyperbolic differential operators in n variables, n_>4, in a simple explicit form (even in weakly hyperbolic cases). The main result is Theorem 1.1 in the next section. The proof is very short and even an application of the existing theory, but this result will be the first that referred to an explicit relation between strong lacunas of the fundamental solutions and the total symbols of hyperbolic operators. (Note that only the principal symbols of operators are concerned in the theory of Petrovskii [P] and Atiyah Bott Garding [ABG] .) For example, by this theorem, we can finally understand a result of Mathisson [M] as a part of general theory. In fact, for any homogeneous hyperbolic operator P(D) and a non-zero constant C, the absence of strong lacunas for P(D)+C follows from We also establish, in Theorem 1.1, an equality in the general inclusion WF (E) c W (see Section 1 for the notation) on the singularities of fundamental solutions. The singularities of fundamental solutions are studied in full detail by HSrmander [H2] in the case of at most double characteristics.
Main result
Let n be a positive integer, and let D denote (D1, ..., D,~), where D, denotes the symbol of partial differential -iO/Oz, on R ~.
Let 0ER'\{0}. Let P(D) be a differential operator on R ~' with constant coefficients (i.e., a polynomial in D), and assume P(D) to be hyperbolic in the direction 0 in the sense of Ggrding. Let K be the propagation cone of P with respect to 0 (see (3.55) of [ABG, Part I] ), and let
W={(cc',~)ET*R~'~lxEK~, ~r
where K~ denotes the local propagation cone of P at ~ (i.e., the propagation cone of the locaiization P~ of P) with respect to 0 (see (3.61) of [ABG, Part I] Let _P(z) be the polynomial in z, z= (zl, ..., zn) , that corresponds to P(D) by z~D. Let V(P) denote the closed algebraic set in C n defined by P(z)=0. This theorem is a special case of the following more general result.
Theorem 1.2. Let b(s) be the Bernstein-Sato polynomial of P(z). If b(s) has no integer roots except s=-l, we have (1.1) and (1.2).
Since b(s)= (s+ 1)(s+n/2) if P is homogeneous of degree 2 (n being the rank of the quadratic form P), we have (1.1) and (1.2) for such P if n is odd or n=2. This explains, in a clear way, the absence of strong lacunas for the d'Alembert operator
in even space dimension (i.e., in the case where n-1 is even).
Proof of Theorem 1.2
Theorem 1.2 follows from the main result of [ABG] (Theorem 8.9 of Part I or Lemma 9.5 of Part II) and the existence of the Bernstein Sato polynomials. For the latter, see [B1] , [B2] . We follow the notation of Section 1.
Let us first recall Lemma 9.5 of [ABG, Part II] . 
Lemma 2.1. ([ABG]) Let P(D) be a hyperbolic &?ferential operator with constant coefficients. For kEN, let Ek denote the forward fundamental solution of P(D) ~ with respect to

Remark (added in the revised version). For a differential operator P(D) with
hyperbolic principal part, even if it is not hyperbolic in the sense of Ggtrding, we are able to construct its forward fundamental solution E as a hyperfunction by defining
d<, where C is the cycle given by (----~-iR(l+l[l) ao, with parameter ~ER n, for some positive number a<l and R>>I. The right-hand side defines a hyperfunction on R ~ supported in the propagation cone K of Pro(D) and satisfies
P(D)E(x) = (~(x).
For this hyperfunction fundamental solution, we are also able to prove Theorem 1.2 for the support equality (1.1). For the proof, we need an analogue of the support part of Lemma 2.1 for hyperfunction fundamental solutions. In order to prove this generalization, we have only to notice that the hyperf'unction fundamental solution defined above belongs in fact to a space of Gevrey ultra-distributions 9 ~) for ~/=l/a (see [K] ). Then we can use the topology of ultra-distributions and reduce the support equality for Ek, k>>l, in Lemma 2.1 (for differential operators with hyperbolic principal part) to the case of homogeneous hyperbolic operators by the following lemma which can be easily proved. 
